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Abstract. We construct a functor from the triangulated category of Voevodsky 
motives to a certain derived category of mixed Hodge structures enriched v^ith 
integral weight filtration. We use this construction to prove a strong integral 
version of the Deligne conjecture on 1-motives which was known previously only 
up to isogeny ( [BK) '). 



1. Introduction 

1.1. Enriched Hodge structures. Let DM|^(C; Z) be the triangulated category of 
Voevodsky's motives over C with integral coefficients. One has the realization functor 
([EI], IM, [DG], 

(1.1) R^°'^^' : DMlf^iC- Z) ^ D\MHS^) 

to the bounded derived category of polarizable mixed Z-Hodge structures. Recall that 
a mixed Z-Hodge structure consists of a finitely generated abelian group V-z together 
with a weight filtration on the rational vector space Vq = Vz ^ Q. and a Hodge fil- 
tration on the C-vector space Vc satisfying certain compatibility conditions. On the 
other hand, it has been shown by Gillet and Soule f }GSj ) that the integral homology 
of every complex algebraic variety carries a canonical integral weight filtration. In 
this paper we construct a realization functor from the triangulated category of Vo- 
evodsky's motives to a certain derived category of mixed Hodge structures with the 
weight filtration defined integrally. Our construction is based on the notion of weight 
structure on a triangulated category developed by Bondarko ( jBonl| . [Bon3| ). The 
above realization functor is a key ingredient in our approach to the Deligne conjecture 
on 1-motives, which is the subject of the second part of this paper. 

Let A be a subring of Q. We define an enriched mixed A-Hodge structure V = 
{W. C Va,F' C Vc) to be a finitely generated A-module Va together with a weight 
filtration on Va and a Hodge filtration on Vc such that the triple {Vz,W. ® Q,F') 
constitutes a mixed Hodge structure in the sense of Deligne. A morphism / between 
enriched mixed A-Hodge structures is just a morphism between the underlying A- 
modules which is compatible with the weight and the Hodge filtrations. We note that, 
in general, a morphism between enriched mixed A-Hodge structures is not strictly 
compatible with the weight filtration. As a result, the category of enriched mixed 
A-Hodge structure MHS"^'"^ is not abelian. However, MHS^'°'^ carries a natural 
exact structure. We postulate that a sequence 

^ ^ 1/^ ^ ^ 
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is exact if, for every i, the sequence of pure integral Hodge structures 

splits. An enriched Hodge structure is caUed effective if — 0, Wq — Va and 
GvyyVA is torsion free; V is called polarizable if {Va,W. iS^Q,F') is polarizable. We 
denote the full subcategory of enriched effective polarizable mixed Hodge structures by 
MHS^g^'^. The exact structure on MHS^'™ induces an exact structure on Mi/S'^^™. 
Let D''{MHS^g"^) be the corresponding bounded derived category ([N]). We lift the 
functor R^"'^^'^ to a triangulated functor 

(1.2) i?^""*^" : DMlf^{C- A) D\M H S^^'''^) . 

1.2. Weight structures. The main ingredients involved in the definition of ()1.2p 
are a canonical weight structure and a DG structure on the triangulated category 
of Voevodsky motives ( |Bon2j . |BV| ) and the following general construction inspired 
by ( |ijon3| . §6). Let C be a pretriangulated DG categorjQ together with a weight 
structure on the corresponding triangulated category C*-". Recall from |Bon3j that a 
weight structure on C'"'' is just a class of objects V C C^" closed under finite direct 
sums and direct summands such that C*" is generated by V and such that, for every 
X,Y eV, we havtfl 

Homctri (X, y [i]) ~ 0, for everyi > 0. 

Viewing V a,s a, full DG subcategory of C, we have that the complex Homc(X, Y) is 
acyclic in positive degrees. Let Ctrunc be the DG category having the same objects as 
C and whose complexes of morphisms HoniCt^^^ {X, Y) are the canonical truncations 
of llomc{X,Y) in degree 0, and let be the pretriangulated completion of Ctrunc- 
We have a canonical quasi-functor can : & ^ C. In Proposition 12.21 we explain how 
a weight structure V on C*" determines a section of can 

Q-p : C C\ can o Q-p = Id. 

It follows that, for any pretriangulated DG category C' and quasi-functor R : C ^ C , 
a weight structure on C*" yields a commutative diagram 

(1.3) C—^C'^ 




where R is the composition 



We apply the above constriction to the DG category DA4^{k, A) of Voevodsky 



motives over a perfect field k with coefficients in a commutative ring A ( |B V| ) . Its 
homotopy category DM°^{k, A) is the triangulated category Voevodsky motives. Let 
V C DMg^{k;A) consist of those motives that are isomorphic to direct summands 
of motives of smooth projective varieties. It is proven in ( |Bon2j ) that if either k is 



"DG glossary" can be found in H2.1\ 
^Though Bondarko's original definition of a (bounded) weight structure is different it is a poste- 
riori equivalent to ours ( |Bon3l . Theorem 4.3.2). The subcategory V C C"^' is the heart of a weight 
structure in the sense of [BonS] . 
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a field of characteristic or cliar k is invertible in A, then V is a, weigfit structure on 
DM^^{k; A). In [Vol] . we constructed a DG quasi-functor 

DMlliC; A) ^ D^iMHS^s), A c Q 

to the DG derived category of effective polarizable mixed A-Hodge structures which 
lifts (ll.ip . Applying (|1.3p to this quasi-functor we get 

(1.4) DM'^JLiC; A) ^ DX{MHS^f,)K 

If B is an abelian category of homological dimension < 1 we identify D^g{B)^ with the 
derived DG category D'^g{FB) of the categorjQ of filtered objects of B (Prop. 12. 6p . 
Finally, we check that (|1.4p factors through the derived DG category of enriched Hodge 
structures D''^g{M H S^ff'') , which is a full subcategory of D^^g{F M H S^^) ■ This gives 

dEll). 

1.3. Motivic Albanese functor. The derived category £'''(A^i(/c, Q)) of 1-motives 
up to isogeny over a perfect field k has been studied mainly by Barbieri-Viale and 
Kahn f |BK] ). with some contribution of Vologodsky { [Vol] ) . One of the main results 
of this theory ( |BKj . Th. 6.2.1) asserts that the embedding 

D\Mi{kM)) DMll{k-Q) 

admits a left adjoint 

LAlbQ : DMll{k-<^) ^ D\Mi{kM)). 

called the motivic Albanese functor. For fc C C the motivic Albanese functor fits into 
the following commutative diagram ( Vol , Th. 3; c/. |BK) . Th. 17.3.1) 

DMll(k-M) D\M,ik,Q)) 

(1.5) [r"""'"' [t"""" 

D^iMHS^) ^ D^MHS^), 

where MHS'^ is the full subcategory of MHS^g consisting of mixed Hodge structures 
with possibly non-zero Hodge numbers in the set {(0, 0), (0, — 1), (— 1, 0), (— 1, — 1)}, 
Tq"'^^'^ is the Hodge realization functor defined by Deligne ( |D3] ). and the Hodge 
Albanese functor LAlbQ is left adjoint to the embedding 

D\MHSf) D\MHS%). 

Our goal in this paper is to explain an integral version of the above results. What 
are the main difficulties in the integral case? A first problem is that none of the 
categories Ali(fc), MHSf is abeliarO. However, there are natural exact structures 
one can put on these categories. Given a subring A C Q we view the category MHS^ 
as a full subcategory of the exact category MHS^^'^ and consider the induced exact 
structure on MHS^. The corresponding derived category is denoted by D'' {M H S^) . 
In Proposition 13.121 we prove that the embedding 



''equipped with a certain peculiar exact structure 

^By definition, the category MHSf consists of torsion free mixed Z-Hodge structures V such 
that V (gi Q is in MHSf. The functor T^"''^" : Mi{C) -i- MHSf is an equivalence of categories 

(EH, §10.1). 
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admits a left adjoint LAlb^. 

Next, for any perfect field fc, we consider an exact structure on A4i(k,A) postu- 
lating that a sequence 

(1.6) ^ M° ^ ^ 

is exact if the sequence of pure 1-motives over an algebraic closure k <Z k 

Gr^/^M" ^ Gr^/^Mi ^ Gr\yf^M^ 0, i = 0,-1,-2 

sp/jte. Here : Mi{k,A) Mi{k,A) is the pullback functor. If fc C C this 
condition is equivalent to the exactness of the sequence 

of enriched mixed Hodge structures. In tj4.3l we construct a triangulated functor 

i : D\Mi{k,A)) ^ DMl^,{k;A) 

from the derived category of 1-motives to the category of Galois motives DM^y{k\ A), 
which is defined to be the quotient of Voevodsky's category DM'^^{k; A) by the full 
subcategory consisting of motives whose pullback in DM^^{k; A) is 0. Ext groups in 
the category DM°^^{k; A) can be expressed using Galois cohomology (see §4.2^ . We 
do not know if t is fully faithful, in general. Nevertheless, in Theorem [1] we prove if 
k is either a field of characteristic or char k is invertible in A, then t admits a left 
adjoint 

LAlb^ : DAqg^^^,{k;A) ^ D\Mi{k;A)), 
Hom(LAlbA(V), Af) ^ Rom{V, l{M)) , M e D\Mi{k; A)), V e DAq^^Jk;A), 
where DM^^ ^^^{k; A) is the idempotent completion of the image of DM°^{k; A) in 
DM^^i{k; A). More generally, for every perfect field k and any A, the motivic Albanese 
functor is defined on the triangulated subcategory of DM^^ ^^^^{k; A) generated by 
Chow motives (Remark 14. 8p . 

Remark 1.1. The category MHSf has a stronger exact structure {i.e., with more 
exact sequences) induced by its embedding into the abelian category MHS^. The 
corresponding exact structure on the category of 1-motives can be defined geometri- 
cally, at least for every field k of characteristic f |BK| . §1.4). The derived category 
of 1-motives equipped with this exact structure (which we denote, for the purpose of 
this paper, by D^{Aif'{k, A))) has been studied in (BKj . In particular, it is shown 
there how D^{A4\^{k, A)) can be realized as a full subcategory of the category of 
etale Voevodsky motives DM°^ ^^{k; A). Unfortunately, unless A = Q, the embed- 
ding D'>{Mf{k,A)) ^ DMl^^^^{k-A) does not admit a left adjoint ([BK], §5.2.2). 
However, in jBK) . Barbieri-Viale and Kahn using an ad hoc construction produced 
a functor from DM^^{k\ A) to the category {M'^i [k , A)) , which they also call the 
motivic Albanese functor. It can be shown that the Barbieri-Viale-Kahn functor is 
the composition of LAlb^ with the projection D''{Mi{k,A)) D^{Mf{k,A)). 

Finally, for fc C C and A C Q, we construct in Theorem [2] a commutative diagram 

DMll{k-A) D\Mi{k,A)) 

(1.7) |flj<"'«'= 
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This assertion can be viewed as a derived version of the Dehgne conjecture on 1- 
motives (c/. [BKj . §17.3). Its relation to the "classical" Deligne conjecture is explained 
in Remark 14.91 

Acknowledgments. I would like to thank Leonid Positselski for helpful conversa- 
tions related to the subject of this paper. Special thanks go to the referees for careful 
reading the first draft of the paper and for their numerous remarks and suggestions. 

2. Some Homological Algebra. 

2.1. Generalities. We begin by recalling some generalities on the homotopy theory 
of DG categories. The references are made to ([T], |Drij . [K]). Let C be a DG category 
over a commutative ring A. Thus morphisms between objects of C are complexes of A- 
modules and composition maps are morphisms of complexes. The homotopy category 
HoC has the same objects as C, and morphisms 

HomHoc(^,i") :=i/°Homc(A,y). 

A DG functor _F : C — > C is called a homotopy equivalence (or quasi-equi valence) if for 
every X,Y ^ C the induced morphism of complexes Homc(A, Y) — > Homc(F(A), F{Y)) 
is a quasi-isomorphism and the functor Ho F : Ho C — ?> Ho C is essentially surjective 
(and, therefore, by the first condition, an equivalence of categories). The localization 
of the category of small DG categories with respect to quasi-equivalences is denoted 
by Hqe. We refer to Hqe as the homotopy category of small DG categories. 
The category Hqe carries a symmetric monoidal structure 

— (g)-^ - : Hqe x Hqe Hqe. 

defined as follows ([T], §4). If C and C are DG categories and either C or C is A- 
the derived tensor product C (8)^ C is just the usual tensor product C (g) C of DG 
categories i.e., objects of C g) C are pairs (A, A'), X € C, X' G C , and 

HomePC ((^, X'), (Y, Y')) := Home (A, Y) ®a Home (A', Y'). 

In general, for every DG category C one finds an A-flat DG category Q{C) with a 
quasi-equi valence Q{C) C and sets 

C(S)^C' ■.= Q{C)®C'. 

In ([T], Theorem 6.1), Toen proved that the symmetric monoidal category Hqe admits 
an internal Hom-functor, RHom: for small DG categories C and C the DG category 
RT-Lom{C,C'), viewed as an object of Hqe, is characterized by the property that, for 
every DG category V, one has a functorial isomorphism 

Homage (2?, RHom{C, C')) UomnqeCD (E>^ C,C'). 

We write T{C, C) for the homotopy category of RHom{C, C). Objects of T(C, C) are 
called DG quasi- functors. By the universal property of RHom every quasi- functor 
F e T{C,C') induces a genuine functor HoF : HoC — > HoC between the homotopy 
categories. 

Small DG categories and DG quasi-functors form a 2-category denoted by DGcat 
f [Drij . §16). We refer to DGcat as the homotopy 2-category of small DG categories. 

Having the 2-category DGcat we define the notion of adjoint DG quasi-functors: 
given F S T{C,C') a right adjunction datum (G, i^, /x) consists of a quasi-functor 



Recall that a DG category "D is called A-flat if the functor llomx>(X,Y)^? preserves quasi- 
isomorphisms for all X, Y of V. 
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G e T{C\C) together with morphisms v : Id ^ G o F, ^ : F o G ~ Id such that the 
compositions 

FrnFoGoF'-^F 
G'HgoFoG'^-Hg 

are identity morphisms. 

For a full subcategory B C C € DGcat the DG quotient C/B is a small DG cat- 
egory equipped with a DG quasi-functor C — ?> C/B satisfying the following universal 
property: for every DG category C E DGcat the functor 

(2.1) TiC/B,C') ^TiC,C') 

is fully faithful embedding whose essential image consists of quasi-functors F G 
r(C,C') such that Ho(F)(Ho(B)) = 00 A DG quotient C/B always exists (and 
unique up to a unique isomorphism in DGcat). In particular, given an A- linear exact 
category £ we define its bounded derived DG category D'^ {£) to be the DG quotient 



of the DG category {£) of bounded complexes by the subcategory of acyclic ones 



^dg\^) of bounded complexes by th 
([N]. §1). The homotopy category of D'^g{£) is the usual bounded derived category 
D^{£). We will write Ddg{£) unbounded derived DG category of £. 

Given a small DG category C one defines its DG pro j- completion ^ to be 

^ = RUomiC, Ddg{A - mod))°P, 

where superscript op stands for the opposite categorjQ. The dual notion, the DG 
ind- completion C^ of C, is defined by 

^ = (^)°p = RHomiCP, Ddg{A - mod)). 

One has the Yoneda quasi-functors 

C ^, C ^ C^ 

that carry an object X <E C to the DG functors Homc(^, ?) and Homc(?,X) respec- 
tively. 

We refer the reader to f |Dri) . §14 or [BVj §1.6) for a more explicit construction of 
C^ and Let us just mention that another name for {^)°p (resp. C^) used in the 
literature is the derived DG category of left (resp. right) DG modules overC. Given a 
quasi-functor F : C — C the restriction quasi-functor F* : ^ — >• ^ admits right and 
left adjoint ones, the derived induction and co-induction functors, ( |Dri) . §14.12). 

(2.2) F^F,:^^^. 

For X G C its 71-translation , n e Z, is an object X[n] of C that represents the DG 
functor Y llomc{Y, X)[n]. Similarly, for a closed morphisms (p : X X' oi degree 
0, the cone of cj) is an object cone((/)) that represents the DG functor 

Y ^^ cone(Homc(r,X) RomdY, X')). 



^In particular, if 13 is nonempty and Ho(C') does not have a zero object T{C/B,C') is empty. 

^To avoid set-theoretical problems one should fix a universe U such that C is W-small and let 
Ddg{A — mod) be the derived DG category of W-small A- modules. Then ^ is V-small for some 
W 6 V [cf. [D, §3). 
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We shall say that C is a strongly pretriangulated DG category if C has object and 
X[n], cone(0) exist for every X, n, and (p. If C is a strongly pretriangulated DG cate- 
gory its homotopy category Ho C has a natural structure of triangulated category and 
every DG functor F : C ^ C between strongly pretriangulated DG categories induced 
a triangulated functor between the corresponding homotopy categories. For every DG 
category category C its pretriangulated completion is a strongly pretriangulated DG 
category CP''°''' together with a DG functor C ^prctr satisfying the following univer- 
sal property: every DG functor F : C — C to a strongly pretriangulated DG category 
factors uniquely through CP''°*''. Every DG category has a pretriangulated completion 
and we refer the reader to the original paper by Bondal and Kapranov ( BoKa]) or to 
f [Drij ■ §2.4) for an explicit construction of C?™*''. Informally, CP'^'"^ is obtained from 
C by adding to C all cones, cones of morphisms between cones, etc. For example, the 
pretriangulated completion of an additive category B viewed as a DG category is just 
the category of bounded complexes C^{B). We shall say that C is a pretriangulated 
DG category if C — > C^''''''' is a homotopy equivalence. For a pretriangulated DG 
category C and any category C the restriction functor 

is an equivalence of categories. 

2.2. Truncation of a DG category. Given a DG category C we denote by Ctrunc 
the DG category having the same objects as C and morphisms defined by the formula 

Homc,,^^^^^ {X, Y) = T<o Homc(X, Y), 

where r-aC' denotes the canonical truncation of a complex C' in degree i. 

We say that C is negative if for every objects X,Y the complex Homc(X, 
is acyclic in positive degrees. 

Proposition 2.1. Let C be a small negative DG category. Then, for every small DG 
category C , the functor C[^^^^ — ?> C induces an equivalence of categories 

T{CArunc)'^T{CX'). 

Proof. We shall prove a stronger statement that the functor 

(2.3) R'Hom{C, Ct'^„„^)trunc ^ R'Hom{C, C')trunc 

is an isomorphism in Hqe. Let us first check that the map 

(2.4) Hom^.e (C, C;,„J ^ Hom^.e (C, C) 

is a bijection. Indeed, since by our assumption the functor Ctrunc — >■ C is a homo- 
topy equivalence we may assume that the complexes Homc(X, y) are supported in 
non-positive degrees for all X^Y of C. Moreover, using a construction from f |Dri) . 
Lemma 13.5) we may replace C by a semi-free (and, therefore, cofibrant) DG category 
having the same property. Then the sets Hom/fge(C,Ctj.y„(,) and Hom//ge(C, C) are 
in bijection with the sets of DG functors Hom(C, C^,.mj(.) and Honi(C,C') modulo the 
homotopy relation ([K], §4.2). Finally, our assumption on C implies that every DG 
functor C ^ C factors uniquely through C^j.^^^,. This proves (|2.4p . To prove (|2.3p it is 
enough to check that for every A-flat DG category T> such that Ptrunc = 2? the map 

Hom//,e(X',i?'Hom(C,C^run(.)trunc) ^ Hom//ge (2?, i?'Hom(C, C')trunc) 

is a bijection. Using (|2.4I) we reduce the problem to showing that the map 
HoT[VHqe{'D T RT-Lom{C ,C[^^^^) RornHqei'D, RT~Lom{C,C')) 
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is a bijection or, equivalently, that the map 

UomHqeiT) C, C;,„J ^ UomH.eiT) C, C) 
has the same property, which is indeed the case by (j2.4p . □ 
Using the proposition we define a functor 

(2-5) T{C,C') > T(Ctrunc, C^runc) 

to be the composition of the restriction functor T{C,C') — > T(Ctrunc,C') and the 
inverse to the equivalence T{Ctrunc,C[^unc) ^ T{Ctrunc,C'). 

The DG category Ctrunc is not pretriangulated even if C is. We denote by C'^ the 
pretriangulated completion of Ctrunc- The formation of respects DG quasi- functors: 
composing (|2.5I) with T{CtTunc,C[,.^^^) — !■ T{C\C'^) we get a functor 

(2.6) TiC,C') ^T{C\C'^). 

Given a quasi-functor R G T{C,C') we shall denote its image in T{C\C'^) by R^. 

2.3. Weight structures. This notion has been introduced by Bondarko ( |Bonl) ). 
We recall here one of the equivalent definitions of a weight structure given in ( |Bon3) ) . 
Let C be a pretriangulated DG category, C''' = HoC its homotopy category, and let 
■p C C be a full DG subcategory of C (not necessary pretriangulated) . We say that C 
is generated by V if C*''' is the smallest triangulated subcategory of C^" which contains 
Ho 7-*, or equivalently, if the DG quasi-functor •pp''<=''' C is a quasi-equi valence. The 
subcategory V is called homotopy idempotent complete in C if any object of C which 
is isomorphic in C^" to a direct summand of an object of HoP lies in V. We say that 
V is homotopy additive if Ho(7') is additive. 

A weight structur^ on C is a full DG subcategory V CZ C, which is negative (i.e., 
for every objects X,Y G V the complex llomc{X,Y) is acyclic in positive degrees), 
homotopy idempotent complete, homotopy additive, and which generates C. 

If P' C C is a full DG subcategory which is negative and which generates C then 
there is a unique weight structure V with V' CP ( jBon3| . Th. 4.3.2). 

If P is a weight structure on C then, using Proposition 12.11 the embedding V ^ C 
lifts canonically to a DG quasi-functor V ^ Ctrunc, which, in turn, extends to a 
quasi- functor C ~ VP""'" We summarize this in the following proposition. 

Proposition 2.2. A weight structure V on C determines a DG quasi-functor Q-p 
fitting into the commutative diagram 

(2.7) C^^C^ 

can 

c, 

where can : ^ C is induced by the functor Ctrunc ^ C. 

A weight structure on C also determines a i-structure on the derived category 
T{C, Ddg{A — mod)) of DG modules over C. More generally, we have the following 
result. 




Warning; in this paper we use the term "a weight structure" for what is called "a bounded 
weight structure" in Bondarko's works f |Bon3) . Th. 4.3.2). 



SOME APPLICATIONS OF WEIGHT STRUCTURES OF BONDARKO 



9 



Proposition 2.3. Let C be a DG category equipped with a weight structure V <Z C, 
C a pretriangulated DG category together with a t-structure HoC'-'^ , HoC'-^ on the 
homotopy category of C , and let T{C,C')~^ (resp. T{C^C')~^ ) he the full subcategory 
of the triangulated category of DG quasi-functors T{C,C') consisting of those F G 
T{C,C') which carries every object of HoV to an object of HoC'-'^ (resp. HoC'-^). 
Then, the subcategories TiCjC')-^ ,T{C,C')-^ C T{C,C') constitute a t-structure on 
T{C,C'). 

Proof. We just explain a construction of tlie functor 

T<o:r(c,c')^r(c,c')^° 

right adjoint to tlie embedding r(C,C')-° T{C,C'). Let C'^° be the full sub- 
category consisting of those objects which are isomorphic in HoC" to an object of 
HoC'-°. The embedding (C'-°)trunc C[^nYic admits a right adjoint DG quasi- functor 
^tiunc ^ (C-°)trunc that carrics each object X S C[.^y,^^ to an object quasi-isomorphic 
to T<[)X. Using Proposition 12. II this yields a functor 

right adjoint to T{'P,C'^^^) ^ T{P,C')- Finally, since PP™"' C, we have that 
T{C,C') ^ T{P,C'), T{C,C')^'' ^ r(7',C'^°). 

□ 

Remark 2.4. The above proof also shows that, for every negative DG category V 
and a pretriangulated DG category C' with a t-structure on HoC, the subcategories 
T{r,C'^°),Tir,C'^°) C T{V,C') constitute a t-structure on T(V,C'). 

2.4. The Chow weight structure on the category of Voevodsky motives. 

This is the most important for us example of a weight structure. Denote by Z? A4g^ {k,A) 
the DG category of effective Voevodsky motives over a perfect field k with coefficients 
in a commutative ring A ( [B V| . §2). Its homotopy category DM°^{k, A) is the tri- 
angulated category of effective Voevodsky motives. Let V C DA4'^{k; A) be the full 
DG subcategory consisting of those motives that are isomorphic in DM^^{k; A) to 
direct summands of motives of smooth projective varieties. It is proven in ( |Bon2| . 
Th. 2.1.1) that if either char/c = or char/c is invertible in A, then is a weight 
structure on DA4'^.^{k;A). Note that the homotopy category Ho'P is equivalent to 
the category of pure effective Chow motives ( [Voe l. Cor. 4.2.6). 

Given any pretriangulated DG category C and quasi-functor R : DM^{k; A) C 
we define a quasi-functor 

R : DMll,{k; A) ^ C'^ 

to be the composition 

R : DMllik; A) ^ DMf^{k- Af ^ C\ 
The functor R fits into the following commutative diagram 



(2.8) 



DM-l,{k-Af- -C 



10 



VADIM VOLOGODSKY 



2.5. Some computations. The principal result of this subsection is an explicit de- 
scription of the category D^g{B)\ where B is an abelian category of homological 
dimension < 1. 

Let A be a commutative ring, B an A-linear abelian category, and let FB be the 
category of finitely filtered objects of B. That is, objects of FB are pairs (V,PF.V^), 
where V € B and W.V is a. increasing filtration on V, such that, for sufficiently large 
i, we have W^V = V, W-tV = 0. Morphisms between {V, W.V) and {V , W.V) form 
a subgroup of HomB(t/, V') consisting of those f : V V that carry WiV to WiV, 
for every i. We introduce an exact structure on FB postulating that a sequence 

0^{V°,W.V°) {V\W.V^) {V'^,W.V^) 

is exact if, for every i, the sequence 

-^Grl^V'^ Gr\^V^ ^Gr\^V^ 

splits. We denote by D'^g^FB) the corresponding derived DG category over A and by 
D^{FB) the triangulated derived category ([N]). For an object V oi B, let V{i} be 
the object of FB with equal to if j > —i and to otherwise. The following 

result is due to Positselski ( P , Example in §8). 

Lemma 2.5. If n < j — i the forgetful functor $ : D^{FB) D^{B) induces an 
isomorphism 

\iomD^(FB){V{^y{j}[n]) ^ Homc.(B)(t/,rH). 
If n > j ~i then }lomDb(^pig){V{i},V'{j}[n]) is trivial. 

Proof. Since a proof is only sketched in ([P]) we give a complete argument here. First, 
we check using induction on n that Ext^g(F{i}, V^'{.?}) = is for n > j~i. The group 
Ext],g{V{i}, V'{j}) classifies extensions ^ V'{j} X ^ V{i} in FB. lij <i 
every such extension splits: for i ^ j this follows from the definition of the exact 
structure on FB and for j < i the splitting is given by W-iX ^{*}- Given n > 1 
and a e Ext'},g{V{i},V'{j}) we can find X £ FB and a„_i G Extp'^\V{i},X), 
a\ e Ext^g(X, T^'Ij}) such that aiUn-i = a. Using the induction assumption 
a„_i : V{i} — >■ X[n — 1] factors through W-i-n+iX[n - 1] X[n - 1]. Thus, we 
may assume that W-i-n+iX = X. But then Ext^B(X, V'{j}) = since n> j ~ i. 

We now prove that for every X,Y e FB with W-i-iX = and W-jY = Y the 
morphism 

(2.9) Ext?,B(X, Y) ^ ExtS(<i>(X), 

is an isomorphism provided that n < j — i (this is a generalization of the assertion 
in the Lemma). For surjectivity, given a G Extg($(X), $(1")) we can find objects 
$(X) = Vo, Vi,--- Vn = ^(Y) of S and elements a,„ G Extg(F„i, Vm+i), m = 0, • • - n- 
1, such that Q!m = CK. Pick integers i = Iq < h < ■ ■ ■ < In = j (this is possible 
because n < j — i). Then the morphisms 

Ext^e(^,^i{'i}) ^ Ext^($(X), V^i), 

Ext^g(t4n{/m}, Vm+l{lm+l}) Extg(V;„, Vm+l), 1 < m < n - 2, 

Ext],B(i4_i{/„_i},x)^Ext^(y„_i,$(y)) 

are isomorphisms. Let 5^, m — 0, ■ ■ ■ n — I, be the preimages of am under the above 
isomorphisms. Then the image of G Ext^g(X, F) in Extg((i)(X), $(y)) is our 

a. 
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It remains to prove injectivity of ()2.9p . We do this by induction on n. If n = 1 
the statement is clear. For the induction step it is enough to check injectivity of p.9p 
for X = V{i} and Y = V'{j} with n < j - i. Let a e Extjg(l^{i}, {j}) be an 
element whose image in Extg(V, V') is zero. As at the first step of the proof we can 
find X = VK_,_„+iX e FB and a„_i G Extp'^\V{i},X), m e Ext^g(X, F'{j}) 
such that aia„_i = a. Let 

^ V'{j} — >Y ^ X 

be a short exact sequence in FB that represents ai. Consider the following commu- 
tative diagram 

Ext'-i(F{*},r) ^ ExtJ^i(^{z},X) ^ Ext^^(V^{*},r{j}) 

(2.10) 1^ 1^ 

Extg-i(F,$(y)) ^ Ext5^-\F,$(X)) — > Ext5^(F,F'), 

We observe that a = if and only if a„_i lies in the image of /i*. An easy diagram 
chase using the exactness of the rows completes the proof. 

□ 

Proposition 2.6. Let A he a commutative ring, B a small A-linear abelian category 
of homological dimension < 1. Then the category D^g{B)^ is quasi- equivalent to 

Proof. Let Q be the full DG subcategory of D'^g{FB) formed by objects with 
V & B, i £ Z . By Lemma [231 the category Q is negative. Hence, using Proposition 
EH the forgetful functor Q D'^^^iFB) ^'^^(S) factors as follows 

Q^DXiB)trunc^DXiB). 

Since D'^g{FB) is generated by Q, 2?"^°''' D'^g{FB), we get a quasi-functor 

(2.11) D',g{FB) (D^iB)^ 

which is a homotopically fully faithful by the Lemma 12.51 As B has homological 
dimension < 1, every complex in D'^g{B) nunc is homotopy equivalent to a finite direct 
sum of objects in the image of Q. It follows that ()2.1ip is a homotopy equivalence. □ 

3. Enriched Hodge structures. 

3.1. Generalities. We start with a general construction. Let A; be a perfect field, 
A a commutative ring, and let B be an A-linear abelian category of homological 
dimension < 1. We assume that either charfc = or that charfc is invertible in A. 
Let DA^g^^(fc; A) be the DG category of effective geometric Voevodsky motives f |B V) . 
§2), and let 

R:DMll{k;A)^DXiB) 

be a DG quasi-functor. Using diagram (|2.8p and Proposition 12.61 it follows that the 
Chow weight structure on DM'^{k\A) determines a quasi-functor R fitting into the 
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commutative diagram 

(3.1) DM';^,,{k-A)^D^^^{FB) 




Here $ is induced by the forgetful functor FB — ?• B. 

Let us record some elementary properties of i?, which follow directly from the 
construction. 

(i) For an integer i, let 

Gr\,:DX{FB)^C\B) 

be the quasi-functor to the DG category of chain complexes over B^ which carries 
a complex {V ,W.V) G D\g{FB) to Gr\yV . Then the quasi-functor 

Gr\^oR:DM''^-^{k-A)^C\B) 
carries every object X of to the one-term complex 

(3.2) Gr\^{R{X))':^WR{X)[~i]. 

(ii) Recall from Proposition 12.31 that the weight structure V C DJ\A'^^{k]A) de- 
termines a ^-structure on the triangulated category T{DM'^^{k] A), D^^g{B)) 
of quasi-functors. Let r<ii? be the canonical truncation of R relative to this 
t-structure. Then r<ii? is isomorphic to the composition 

DM^^MA) ^ dX{FB) ^ DXiB), 

which carries M G DMl^^{k;A) to W^R{M). 

(iii) For every X,Y G V the forgetful functor ^ yields a quasi-isomorphism 

(3.3) Hom^.^(^e)(i?(X),i?(r)) ^T<oHom^.^(B)(i?(X),i?(y)). 

3.2. Enriched Hodge realization. Let A denote a subring of Q. We apply the 
above construction to the Hodge realization DG quasi-functor 

(3.4) R^'"''" : DM^^iC; A) ^ D%{MHS^). 

constructed in ( |Vol] . §2). By Lemma 1.1 from |Bei) the categ ory MHS^ of polar- 
izable mixed A-Hodge structures has cohomological dimension 1. Consider the full 
subcategory MHS^''^'^ of FMHS^ whose objects (called enriched mixed Hodge struc- 
tures) are polarizable mixed A- Hodge structures V equipped with a filtration W.V 
such that G y is pure of weight i (in particular, the filtration W. V ®a Q coincides 
with the weight filtration on V ®a Q)- The category MHS^'°'^ inherits an exact 
structure from FMHS^. An enriched mixed Hodge structure [V^W.) G MHS^'°'^ 
is called effective if F^ = 0, WqV — V and Gvy^V is torsion free. Denote by 
MHS^g''^ C MHS"^'"^ the full subcategory of effective enriched mixed Hodge struc- 
tures. 

Lemma 3.1. The functor D''{MHSf£"-) D''{FMHS^) is a fully faithful embed- 
ding. 
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Proof. As MHS^ has homological dimension 1, Lemma [2.51 implies that, for every 
objects y, V S FMHS^ and every j > 1, we have 

HompMHS-^{V,V'[^])^0- 

Since the subcategory MHS^^"^ -> FMHS^ is closed under extensions the lemma 
follows from ([P], Prop. A. 7). □ 

The lemma together with formula (I3.2[) imply that the functor R^°'^^^ from the 
diagram (|3.ip factors through D'^g{M H S^^f'^) yielding the enriched Hodge realization 
functor 

Notation: If fc is a subfield of C, we will write, by abuse of notation, R^°'^^'^ for the 
composition 

(3.5) Rf'^^ : DM^^{k; A) A DM^^{'C-, A) ^ D^^MHStr) 
where /* is the base change functor. 

Remark 3.2. Our category MHS^^"'' is just MHS^ and R"°'^^'' = Rq°'^^\ On the 
other hand, the integral realization functor R^°'^^'^, in contrast with R^°'^^'^, does 
not factor through the category of etale Voevodsky motives DTWg^j cti^'i Indeed, 
the functor R^°'^^'^ takes the motive (Z/mZ)(n) := cone{'Z{n) Z{n)) to the com- 
plex Z(n) Z(n) of enriched Hodge structures of weight —2n and, in particular, 
i?^°''»"((Z/mZ)(n)) is not isomorphic to i?^°''»"(Z/(mZ)(n')) in D'>{MHS^^'"'), un- 
less n — n' . 

3.3. Relation to the work of Gillet and Soule ([GS]) and Bondarko ( JBonl) V 

The material of this subsection will not be used in the rest of the paper. In ([GS], 
Th. 2), Gillet and Soule associated (using algebraic iiT-theory) with any algebraic 
variety X over a field k of characteristic an object W{X) in the homotopy category 
if'' (Ho V) of bounded complexes of Chow motives over fc, called the weight complex of 
X. In ( I Bon2| . §3.2.1), Bondarko extended Gillet-Soule construction to a triangulated 
functoiO 

(3.6) g : DMllik- A) ^ K\noV). 

His construction can be explained as follows. Using notation of ij3.1l we have a DG 
quasi-functor 

(3.7) AHoP, 

where the homotopy Ho V is viewed as a DG category with the Hom complexes 
supported in degree 0, Q' is the identity on objects and the projection 

Hom7,,,„„^ (X, Y) = r<o Homp(X, Y) -> H" Homp(X, Y) = HomHop(X, Y) 

on morphisms. Taking the pretriangulated completion of p.7p we obtain a DG quasi- 
functor 

(3.8) DM'Zik^A) VP"''' (HoT')?"*' = C\lloV) 



The weight complex W{X) of Gillet-Soule is obtained by applying this functor to the motive of 
X with compact support ( | Voe) . §4.1). 
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to the DG category of bounded chain complexes over KoV. Passing to the homotopy 
categories we get p.6p . We apply this construction to fc = C. Following ( |GSj . §3.1) 
given a nonnegative integer i we consider the functor Ho V HS^^ to the category 
of pure Hodge structures of weight —i that takes a smooth projective variety X to the 
Hodge structure on the i*'* homology group Hi{X, A) and denote by : C''(Ho7-') 
C^{HS^;) the induced DG functor. We set 

The composition of F with (j3.8p determines a quasi-functor 

(3.9) DM'^^ik; A) C\HSt). 

i>0 

Using (|3.2p it follows that functor (|3.9|) is isomorphic to G r^, o . 

3.4. Lefschetz (1, 1) Theorem. We refer the reader to Theorem [5] for a generaliza- 
tion of the following result. 

Lemma 3.3. For every M e DMl^iC-^A), the functor r""'^^" induces a quasi- 
isomorphism 

Hom^^f^^^,^-,{M,A{l)) ^ i/om^.^(,,^^...„)(i?J°'^«^(M), A(l)). 

Proof. It suffices to prove the result in the case when M is the motive M{X) of a 
smooth projective variety X. Using that A(l)[2] is a direct summand of Af(P^) and 
formula p.3p we reduce the Lemma to showing that the morphism 

(3.10) HomDMi^^(C,A){M{X),A{l)) ^ T<2ffo™^.^(M^s.) (<°'^3^(M(X)), A(l)) 

is a quasi-isomorphism. In fact, the degree i cohomology group of the complex 
Homjjj^aii^(^C;A){M {X),A{1)) is identified by Voevodsky with H^^^{X, O^) ® A (see, 
e.g. jBVj . §3.2), which is non-zero only when i = 1 or 2. On the other hand, using 
Beilinson's computation of Ext groups in MHS^ f |Beij . Lemma 2.3) and the Lefschetz 
(1, 1) Theorem the cohomology groups of the complex Horrijjb (^mhs^ ) 

in degrees i < 2 are also canonically identified witf0 H^^(X, O^) ® A. Thus, to 
finish the proof it suffices to check the commutativity of the following diagram (for 
* = 1,2). 
(3.11) 

^om^M|«(C;A)(M(X),A(l)W) Homj,.^MHS-){RT'\M{X)),A{m) 



H^-J iX,0*x)^A A H^-J {X, 0*^)®A. 

If J = 1 the assertion is clear because the functoriality of the isomorphisms of Vo- 
evodsky and Beilinson reduces the claim to the case when X is a point. For i — 2 
we observe that because X is projective the Picard group H^^j.{X, Ox) is generated 
by classes of very ample line bundles. Thus, we reduce the statement to the case 
X = F", where it is immediate. □ 



At the beginning of §5.4 Beilinson seems to claim that the cohomology groups of the above 
complex in degrees > 2 vanish. This is not true: for example, if i > 3 the i"* cohomology group is 
isomorphic to the Betti cohomology group H^~^{X, AiSiQ/A). In a sense, the reason for introducing 
the category of enriched Hodge structures is precisely to deal with this problem. 
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Remark 3.4. Unless A — Q, Lemma [331 does not hold with MHS^q'^ replaced by 

3.5. Hodge Albanese functor. Let MHSf be the full subcategory of the category 
MHS^ that consists of torsion-free objects of type {(0,0), (0, -1), (-1,0), (-1, -1)}. 
We consider the exact structure on MHSf induced by its embedding into the ex- 
act category MHS^^'^"' and denote by D'^g{MHSf) the corresponding derived DG 
category. 

Proposition 3.5. The functor 



induced by the embedding MHS^ ^ MHS^g^^ is homotopically fully faithful and has 



IHS 

a left adjoint DG quasi-functor 
(3.12) LAlb^ : D%{MHS^f') D%{MHSt). 



We call LAlbyi the Hodge Albanese functor. 

Proof. The first claim follows from the fact that the subcategory MHS^ C AIHS^f^"^ 
is closed under extensions and from the vanishing of iJom^6j^^^^^A,cn^(V, V^'[i]), for 

i > 1 and V, V' E MHSfff^^. For the existence of a left adjoint functor it suffices to 
check that, there exists a set S of generators of D^{MHS^ff^) such that, for every 

V G S the functor 

■■ D\MHSt) ^ ModA, '^v{V') = Hom^,^^j^gA^.^{V, V) 

to the category of ^-modules is representable by an object of D''{MHSi''"^). We 
take for <S the set of pure enriched Hodge structures. If V has weight < —2, then 
$y is 0. Let be a pure polarizable Hodge structure of weight —2. There exists 
a unique decomposition V iS^a Q into the direct sum of a Hodge- Tate substructure 
and a substructure P C V C^a Q that has no Hodge- Tate subquotients. Then $y is 
representable by Im{V V ®a Q/P)- Next, every pure weight —1 Hodge structure 

V is the direct sum of a torsion free Hodge structure Vf and Hodge structures of the 
form A/mA, m e Z (with W^i{A/mA) = A/mA, W-2{A/mA) = 0). The functor 

is representable by Vf and the functor ^A/mA is representable by the complex 
A{1) A{1) supported in degrees —1 and 0. Finally, every effective weight Hodge 
structure is already in MHS^. □ 

4. The Albanese functor 

4.1. DG category of 1-motives. Denote by M.i{k) the category of 1-motives over 
a perfect field k. Thus, an object of A^i(fc) is a complex of group schemes 

M=[A^G], 

where A is a /c-lattice viewed as a group scheme over k and G is a semi-abelian 
A:-scheme. Morphisms between 1-motives are given by commutative squares. We set 

Mi{k]A) ■.= Mi{k)®A. 

For an extension k C k' , we denote by 

f^, ■.Mi{k;A)^Mi{k';A) 

the corresponding pull-back functor. 
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Every object M = [A — > G] of A) is equipped with a canonical filtration 

W-2M <zW-iM <zWqM = M, Ty_2M=[0^T], Ty_iM = [0 ^ G], 

where T C G is the toric part G. We refer to WiM as the weight filtration on Af . 

For an abelian group scheme H over k we denote by H_ the corresponding presheaf 
of A-modules on the category Sruk of smooth schemes over k: 

H{X) := Hom{X, H) ® A. 

Recall from f }BKj . Lemma 1.3.2) that if the neutral component is quasi-projective 
then the presheaf H_ has a unique structure of a presheaf with transfers. Using this 
fact we define a DG functor 

(4.1) Tot A : G(7Wi(fc, A)) ^ CiPSht"^) 

from the DG category of complexes over M.i{k,A) to the DG category of complexes 
over the category PSh^^ of presheaves with transfers on Smk sending a 1-motive 
[K^G]e Mi{k,A) c C^{Mi{k,A)) to the complex 

A ^G, 

where A is placed in degree and G in degree 1. 

We introduce an exact structure on A^i(fc, A) postulating that a sequence 

(4.2) -J> Af° -J> -> A/2 ^ 

is exact if the sequence of pure 1-motives over an algebraic closure k <Z k 

^ Gr\yf±M° ^ Gr\^f^M' ^ Gr\^f^M^ ^0, i ^ 0, -1, -2 
splits. The axioms of exact category (see, e.g. P , Appendix A) are immediate. 

Remark 4.1. A bounded complex of 1-motives M' G C''{A4i(k, A)) is exact with 
respect to the above exact structure if and only if TotAif^M') G C^{PSh^j.^) is 
acyclic locally for the Zariski topology on Sm-j:. 

Denote by D'^g{Mi{k; A)) the derived DG category of the exact category Mi{k; A) 
and by D^g{w<iMi{k; A)), {i = 0, —1, —2), the derived DG category of the subcate- 
gory w<iA^i(fc; A) C A4i{k; A) consisting of 1-motives whose weights are < i. As the 
functor Wi : Mi{k,A) — > w^iMiik, A) which takes a 1-motive M to WiM is exact 
it determines a quasi-functor 

(4.3) W,:D'agiMiik;A))^D'ag{w<,Mi{k;A)), 0,-1,-2, 
which is right adjoint to the embedding 

D'^^{w<,Miik;A))^DXiMi{k;A)). 

We will write 

(4.4) Gr\^:DX{Mi{k;A))^D',g{w=,Mi{k;A)), 0,-1, -2, 

for the DG quasi-functor to the derived DG category of the subcategory w^iM i{k;A) C 
Aii{k; A) of pure 1-motives of weight i, which carries a complex A/' to Gr^Af '. 

Remark 4.2. According to Deligne ([D3 ) the Hodge realization functor: 

rj^Hodge . _/y^^(c.^) jr^ MHSf 

is an equivalence of categories. If we endow MHS^ with an exact structure induced 
by the embedding MHS^ =^ MHSff^'"' functor is an equivalence of exact 
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categories. In particular, it yields a quasi-equivalence of the corresponding derived 
DG categories: 

"^^^ : D^iM^iC^A)) ^ D%{MHS^). 

Remark 4.3. For a perfect field k, whose characteristic is either or invertible in A, 
Barbieri-Viale and Kahn ( [BK. . §1.4) consider another exact structure on A4i{k;A) 
in which sequence (|4.2p is exact if the complex TotA{M') is acyclic locally for the 
etale topology on Snik- This exact structure has more exact sequences than the one 
introduced above. For example, the sequence 

^ [Z ^ 0] ^ [Z ^ Grn] A [0 ^ G,„] ^ 0, 

where u takes 1 G Z to a primitive n*'' root of unity in k* and a (resp. (5) acts on 
Z (resp. on Gm) as the multiplication by n, is exact in the sense of Barbieri-Viale 
and Kahn but, unless 1/n e A, this sequence is not exact in our sense. For k — C 
Barbieri-Viale-Kahn's exact structure is induced by the embedding Aii{C:A) 
MHSi ^ MHS^ into the abelian category of mixed Hodge structures. 

We compute Ext groups between irreducible objects in A^i(fc, A). 

Proposition 4.4. Let AIq = [A ^ 0], Mi = [0 ^ Y],Al2 = [0 ^- T] be pure l-motives 
of weights 0,-1 and —2 respectfully. 

(a) Ifi>j then Ext'^bf^j^^f^f.j^y^iM^Mj) = for every n. 

(b) For i = 0,1, —2, we have 

Ext^'.(Mi(fe,A))(A^.,M,) ^ i7«(spec/c,i/om_^^(^^^)(/|Af„/|Af,)), 

where H*^(speck,7) denotes the Galois cohomology with coefficients in a discrete 
module. 

(c) We have natural isomorphisms 

^2;iS^(>ii(fe,A))(^^o, Ml) ^ ffer'(spec k, Y{k) ® A*(k) ® A), 

ExtlHM,ikMMo,M2) ^ H:f\spcck,T(k) ® A*(fc) ® A), 

Extl.^M,(KA))i^^o^ M2) ^ H:,-\speck, Y°(k) g5 St© ^ A), 
where Y° is the dual abelian variety and is the k-lattice of cocharacters of T 
(i.e., homomorphisms from Gm to T). 

Proof. It sufhces to prove the proposition for A = "L. Assume, first, that k is 
algebraically closed. Then, arguing as in the proof of Lemma 12. 5[ we see that 

Ext2)b(_v(j(fc)) (Mi, Mj) = for n > j~i. Thus, it remains to check that Ext^t.^^^^,;.-)-) (Mq, M2) = 

0. Every element of Ext^6(_;,^^(j,-)-) (Mq, A/2) lies in the image of the Yoneda product 
map 

(4.5) Extl,.(^^(fe))(Mo,Mi) ® Extl,.(^^(fe))(A/i,M2) Ext^.(^^(,))(A/o, M2) 

for some pure 1-motive Mi = [0 y] of weight one. Let us show that (14.51) is identi- 
cally zero. Indeed, given a E Ext}5t,(_^^(j,)) (A/q, A/i) and l3 e Ext^t^^^^j.)) (A/i, A/2) 
we need to check that there exists a 1-motive A/ such that Gr\yM — M-i and 
such that the extension classes [M/T4^_2M] e Ext^b(^j(fc)) (Mq, Mi), [I^_iM] G 
Ext^6(_vii(fe))(Mi, M2) are equal to a and /3 respectfully. Let 0— ^T— >G— >0 
be an extension whose class equals /3 and [A Y] be an extension whose class 
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equals a. Since k is algebraically closed there exists a morphism u : A ^ G that lifts 
u. We take M ^ [A ^ G]. 

In general, for every field k and a finite Galois extension k C k' the ftinctor has 
a right adjoint functor fk'* : Aii{k') M-i{k) that carries a l-motive [A — >■ G] to 
[Rk'/k-^ ^ Rk'/kG], where Rk'/k is the Weil restriction functor. Since both and 
fk'* are exact they define a pair of adjoint quasi-functors: 

: D^iM^m ^ DX{M,{k')), fk'. : DXiM^ik')) ^ DX{Mi{k)). 
Consider the complex Hom^jt {Mi{k)){^iT fk'*fk'^j)- the one hand, by the ad- 
junction property, this complex is quasi- isomorphic to the complex Hom^t {Mi{k'))^fk'-^^i^ fk'^'^j)- 
On the other hand, the action of Gal(fc'/fc) on fk'*fk'^Ij defines a Gal(fc'/fc)-action on 
Hom£,(,^(^^(fc))(Mi, We claim that the complex Hom£,b^(_^^(j,))(Mi, M^) 
is quasi-isomorphic to the standard complex that computes the group cohomology of 
Gal(fc'/fc) with coefficients in Hom^,!, (Mi{k)){^^iT fk'*fk'^j)- Indeed, writing {I := 
fk'* ° fk' ^-nd ri" for the n-th iterate of fl, we form a complex 

(4.6) Mj — > flMj n^Mj Q^Mj • ■ • , 

where the first map Afj — > VLAIj is induced by the adjunction unit Id il and dn 
is the alternated sum of the morphisms 

Id(g)---(E)Id(g)e(E)Id(g)---(g)Id:n"' oldo fi""'" ^ fi'" o o fl""™. 

Complex (|4.6p is exact (in fact, f^, of this complex is homotopy contractible by Prop. 
8.6.10 from ^Wl ). In particular, Hom^t (A4i(fc)) (-^^ii -^i) is quasi-isomorphic to the 
complex Hom^i, (jV!j(fe))(Mi, {il'Mj, d.)). The functor o f^.,^, takes every l-motive 
M the direct sum of I Gal(fc'/fc)| copiesof Af. This identifies Hom^b (-^^(-j.)-, (M^, r2"+^Afj) 
with the complex of n-cochains on Gal(fc'/fc) with values in Hom^jb (7V!j(fc))(Afi, ^Mj) 
and the total complex Hom^jb ^Mi(k)) i^i^ Mj, d.)) with the standard complex that 
computes the group cohomology of Gal(fc'/fc) with coefficients in Hom^jb (^Mi{k)) i^i, flMj). 
In particular, for every finite Galois extension k <Z k' we get a spectral sequence con- 
verging to Ext^6j_^^jj,j^ (Afi, Afj) whose second term is 

Hl,{s^eck, Ext^,(^^(,,^)(A*,Af„ ft,M,)). 

For a larger finite Galois extension k' C k" we have a morphism of the corresponding 
spectral sequences. Passing to the limit over all finite Galois subextensions k C k' C k 
and using that the Galois cohomology commutes with filtrant direct limits we get a 
spectral sequence converging to Ext^b(_A4j(j,')') (Afi, Afj) with 

= i/,^,(specfc,Ext«^,(^^(^^^(/|Af„/|Af,)). 

Since, in our case, the complex Hom^b ^^^(-jr-j-) (/-^Af^, /^Afj) has nontrivial cohomol- 
ogy in a single degree the spectral sequence degenerates in the E2 term and we finish 
the proof of the proposition. □ 

4.2. Galois motives. For an extension fc C fc' we shall write 

A*, : DM°^ik;A) ^ DM''^ik';A) 

for the base change functor. We define the category DA4'^i{k; A) of Galois motives 
to be the DC quotient of Z)7W°*^(fc; A) modulo the subcategory consisting of objects 
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that become contractible m _DA^°*(fc; A) {i.e., equal to in the triangulated category 
DM'^^{k\ A)). We will write DJ\A'^^^^ gai(^! ^) fo'" homotopy idempotent completion 
r [BV] , §1.6.2) of the image of DM''^{k;A) in DMf^^{k;A). Hom complexes in the 
category I?A^gfj(fc;A) can be described as follows. Fix a geometric motive V G 
£)7Wg^(fc; A) and an arbitrary motive V G DM'^^{k\A). Then, the assignment 

a finite extension fc' D fc n> Hom£,^ctt(fc/.^)(/^/ (F), (F')) 

specifies a complex of presheaves on the small etale site (spec fc)et of spec k. Letting 
V vary we get quasi-functor 

*y : DM'^^ik^A) ^ Ddg{PSh{k)) 

to the derived DG category of presheaves on (specfc)ct. Now, since V is compact 
object of DM°^{k] A), we have that 

H* Hom^^„„(^.^)(/|(l/), /|(r)) ^ lim _H* Hom^^.«(,.^)(4*,(F), A!,(y'))- 

kCk'Ck 

In particular, if f^{V') is contractible, then the complex of presheaves \E'y(y) is 
locally (for the etale topology) acyclic i.e., the sheafification of '^v{V') is an acyclic 
complex of sheaves on (spec/c)ct- Hence, determines a quasi-functor 

■■ DMlfi{k;A) ^ DdgiSKtik)) 

from the category of Galois motives to the derived DG category of sheaves on (spec k)ct- 
Observe that ^'y(y) has a canonical global section 

1 G H°IlomD,jsh.,^k)){^,^viV)) = i?"ret(specfc,*v(y)) 

corresponding to the identity morphism — > ^ in DM°^{k; A). If V G I?A^gf[(fc; A) 
is a Galois motive, then the morphism 

Hom^^c«(,..^)(y, V^') ^ llomD,^(^sK,ik))i'fviV),^v{V')) 

together with the above global section of 5'v(y) specify a morphisni 

(4.7) Homc^off(fe^^)(F,F') ^ RT,tiispeck,^v{V')). 

Proposition 4.5. For every V G DMl^^ gJk;A) and V G £'7W^f;(fc; A) morphism 
{4.1^ is a quasi-isomorphism. 

Proof. Consider the functor 

$y : DA^^fi(fc; A) ^ Dd3(P5/i(fc)), 

which carries a Galois motive y to the complex 

a finite extensionfc' D /c Hom^_^cff (j,,.^)(4*,(F), /^/(F')) 

For every V' , the complex 4>y(y) is etale local i.e., it satisfies the decent property 
for etale hypercoverings ( |B V| . 1.11). In addition, we have a morphism ^v{y') 
<^v{y') in Ddg{PSh{k)) that induces a quasi-isomorphism of the corresponding com- 
plexes of sheaves: the fibers of ^y(y) and <i>y(y) at the geometric point specfc ^• 
specfc are quasi-isomorphic to Hom^^cft^p^) (/^(V^), /■|(T^'))- Using ( |BVj . 1.11), it 
follows that 

Homi>^^(S/i„,(fe))(Z,^'y(y)) ^ Hom£,^^(sh„t(fc))(Z,$y(l^)) ^ Hom£,^^(s,,^^(fe)) (Z, ^-y 

□ 
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We abbreviate the above computation in the formula 

(4.8) Honi^^e«(fe^^)(T/,F') ^ Rr,t{spec k, Hom^j^^„^-j:.^^){f^{V)J^{V'))). 

4.3. Motivic Albanese functor. Using Remark BTTl the functor TotA : C''{Mi{k; A)) 
C^iPSh'i^^) determines a quasi-functor 

(4.9) L:D''^g{Mi{k-A))^DMf,{k-A). 

Remark 4.6. We conjecture that Hot is fuhy faithfuL We do not know if l fac- 
tors through the subcategory DA^^^ ^^[(fc; A) ^ Z)7Wgfj(fc;A) of geometric Galois 
motives. 

We shall prove that t has a left adjoint quasi-functor 

LAlb^ : DM'^^^,,{k-A) D\g{M,{k- A)) 
i.e., a quasi-functor together a morphism 

v.Id^io LAlb^ : DM%,^^^{k; A) ^ DMfjk; A) 
such that, for every V G OM'^^^^^yik] A) and M e D'^g{Mi{k; A)), the composition 
H* Hom^.^(^^(,^^))(LAlb^(V^), M) ^ if* Hom^^o« (,^^) (t o LAlb^(V-), i{M)) 

Aif*Hom^^e«(,^^)(T/,t(M)) 

is an isomorphism. 
Let 

(4.10) 6* : DMf^k; A) ^ D^g(A^i(fc; A)) 

< ~ ^ 

be the restriction quasi-functor between the corresponding categories of left DG mod- 
ules (see H2.1^ . We shall use the same notation 

(4.11) L* : DMf^^^^Ak; A) ^ DXiMijk; A)) 

for the composition of (|i?TU)) with Yoneda embedding DM^f^.^ g^j(fc; A) L)X°fj(fc; A). 
Thus, for an object V e £'Xgm.gai(fc; ^) the DG module L*(y) £ D\g{Mi{k; A)) car- 
ries an object M e D\g{Mi{k-A)) to 

i?om£,^off t{M)). 

We refer to l* as the formal left adjoint functor of t. The next theorem asserts that 
(j4.1ip factors through D^j^g{Mi{k] A)) and, thus, defines LAlb^- 

Theorem 1. Assume that either charfc ~ Q or that charfc is invertible in A. Then 
the following assertions are true. 

(a) For every motive V G DMg^ g^i{k; A), the DG module l*{V) is quasi- representable 
i.e., i*{V) is homotopy equivalent to an object lying in the image of the Yoneda 
embedding D^^g{Mi{k; A)) D''^g{Mi{k; A)). 

(b) The functor LAlb^i commutes with an arbitrary base field change k <Z k' : 

hAVoA ofk' fk' o LAVoA . 
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Proof. Working with DG categories (as oppose to merely triangulated ones) makes 
the proof easier: the subcategory of DA4'^^ ^^^{k; A) consisting of all objects V for 
which i.*{V) is quasi-representable is pretriangulated and homotopy idempotent com- 
plete (because D^g{Mi{k; A)) has these properties). Since the triangulated category 
UTWg^ gjji(fc; A) coincides with its smallest idempotent complete triangulated sub- 
category that contains motives of all smooth projective varieties ( |Bon2) ) . it suffices 
to prove that, for every smooth connected projective variety X, the DG module 
L*{M{X)) is quasi-representable. 

Let 7ro(X) be a 0-dimensional scheme, which is the spectrum of the integral closure 
of k in 0{X) and let X T^oiX) be the canonical morphism. The DG module 
l*{M{tto{X))) is represented by the lattice Z[7ro(X)(fc)] spanned by /c-points of 7ro(X). 
Thus, it is enough to prove representability of l*{M(X)), where 

M{X) = cone{M{X) A/ (7ro(X ))[-!]. 

We notice that the DG module l*(M{X)) carries every object A' e D''^g{Mi{k; A)) 
of weight to an acyclic complex i.e., i*{M{X)) lies in the image of the embedding 

^ds(w<-iXi(fc; A)) ^ DXiMiik;A)). 

^ — = ^ 

Let Alh{X) be the Albanse variety of X. This is an abelian variety over k char- 
acterized by the following universal property: for every abelian variety Y over fc, we 
have a functorial isomorphism of Gal(/c/fc)-modules 

(4.12) Hom(Alb(X)p Yj:) ^ Mor(Xp Y-^)/ Mor(^o(^)fe, i^), 

where Hom denotes the group of morphisms in the category of group schemes over 
k and Mor denotes the set of morphisms in the category of schemes over k with 
the group structure induced by the group structure on Y. In particular. Id G 
Hom(Alb(X), Alb(X)) defines a Galois invariant element of the quotient 

Mor(X^, Alh{X)j:)/ Mor(7ro(X)^, Alb(X)^), 

which determines a morphism 

M(X) ^ i([0 ^ Alb(A:)])[l]. 

in the category of Galois motives. By adjunction we get a morphism of DG modules 

a : L*{M{X)) ^ [0 ^ Alb(X)][l], 

where we identify an object of D^^g{Mi{k; A)) with its image under the Yoneda em- 
bedding. It suffices to check that cone a is quasi-representable. Using Propositions 
14.41 and 14.51 together with the universal property ()4.12p it follows that cone a carries 
every object M' G D\g{Mi{k] A)) whose weights are > — 2 to i.e., conea lies in the 
image of the embedding 

D^^(u;<_2A^i(fc; A)) ^ D%{M^{k; A)). 

^ — = ^ 

We shall construct a complex Af5^_(l)[3] G D^g{w<-2-^i{k; A)) that represents 
conea explicitly. Let NSx^^ be the Neron-Severi group of Xj:. This is a finitely 
generated abefian group equipped with an action of Gal(fc/fc). Write XSx-j^ as the 
cokernel of two A:-lattices: 



^ Ai ^ A2 ^ NSx- 

k 
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and let NSx-{^) be the complex of 1-motives 

[0^A;(1)]^[0^A^(1)] 
where A*(l) is the torus whose characters lattice is A^. Then, NSx-i^) viewed as 

k 

an object of D^g{w<:^2-Mi(k', A)) does not depend on the choice of the presentation 
because for any such choice A^S'^_(1) represents the following functor: 

Hom^.^(^^(fc.^))(7V5^_(l), S(l)) ^ i?ret(spec fc, NSx^, ®E)®A, 

where S is a fc-lattice. On the other hand, using Propositions 14.51 and 14.41 it follows 
that the DG module cone a carries 1-motive S(l) to 

RT^t (spec k, cone{Pic° ( Alb(Xj:)) -> Pic{Xj) ) ® S) (g) ^[-3] . 

Since Pic^\A\h{X-^)) Pic°{X-^), we get an isomorphism conea AfS'^_(l)[3], 
which completes the proof of part (a) of the Theorem. 

Remark 4.7. The above proof shows that for a smooth projective variety X we have 
a functorial quasi-isomorphisms 

Gr^^LAVoAiX) NS*x_{l)[2], 

Gr-iLAlb^(X) ^ [0 ^ Alb(X)][l], 

Gr^^LAlhAiX) ^ [Z[7ro{X)(k)] ^ 0]. 
Remark 4.8. Let V C DJ^'^ ^^^{k; A) be the full DG subcategory consisting of 
those motives that are isomorphic in the homotopy category DM"^^ gaii^'^ ^) direct 
summands of motives of smooth projective varieties and let pp''°''' ^ D-M'^ gai(^' ^) 
be its pretriangulated completion. Then, even if charp is not invertible in A, the 
above proof shows, for every V G -pprctr^ ^-j^g functor i*{V) is quasi-representable. 
This defines a quasi-functor 

LAlhA-.P^"''' ^D'^g{Mi{k;A)). 

To prove part (b) of the Theorem recall from ( |Volj . Prop. 3.3) that the quasi- 
functor i commutes with the an arbitrary base change k C k' . Thus, by adjunction, 
we get a morphism of quasi-functors 

LAlbA o/fe- ^ fk' o LAlbA . 

To prove that this morphism is an isomorphism it suffices to show that for every 
smooth projective variety X over k the induced morphism 

GrVLAlbA(M(XfcO) ^ fk'{Gr\v LA\hA{M{X))), 
which follows from Remark (|4.7p . 

□ 

4.4. The Deligne conjecture. 

Theorem 2. For k C C, we have a commutative diagram of quasi-functors 
DMlUk.A) DX{M,{KA)) 

(4.13) 
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Proof. We shall start by recalling a general Homological Algebra construction. Let TZ 
be a negative DG category over a commutative ring A (see H2.2^ . and let T{TZ, Ddg{ModA)) 
be the triangulated category of left DG modules over TZ f H2.ip . Denote by T{TZ, D^g {Adod-A 
(resp. T{n,Ddg{ModA))-°) the full subcategory of T{n, Ddg{ModA)) formed by 
those DG functors L that carry every object X e 7?. to a complex L{X) acyclic in 
positive degrees (resp. in negative degrees). Then, by Remark 12.41 the subcategories 

T{n,Ddg{ModA))^\T{n,Ddg{ModA))-'' c T{n,Ddg{ModA)) 

define a t-structure on T{TZ, Ddg{ModA))- In particular, the embedding T{Tl, Ddg{ModA)) 
T{Tl, Ddg{ModA)) admits a right adjoint functor 

(4.14) r<o : r(7^, Ddg{ModA)) T{n, Ddg{ModA))-'' ■ 

Now we come back to the proof of Theorem [2] Since the motivic Albanese functor 
commutes with the base change, it suffices to construct diagram (j4.13|) for k = C. 
We need to show that the following two left DG modules over L»7W°^(C; ^)°p ®^ 
D%{M^{C-A)) 

(4.15) V®M ^ nom.DM.n(C;A){V,L{M)) 

(4.16) V®M ^ Hom^.^(M/fS-.»n)(^A°'''(^),Tf "^(M)) 

are quasi-isomorphic. Consider the full subcategory Q of D^^(A^i(C; A)) formed by 
those objects that are isomorphic in the triangulated category D^{Mi[<C] A)) to an 
object of the form M[i], i = 0, — 1, —2, where M is a pure 1-motive of weight —i. The 
category D^g(A4i(C; A)) is generated by Q and, using Proposition l4.41 it follows that 
Q is negative. Let V C DM'^{C; A) be the Chow weight structure, and let Li and 
1/2 be the restriction of DG modules (|4T5l) and (|4A6l) to U := ■p°P Q. Then, since 
the embedding 

TZ ^ 7^A^^f„(C; Ar ®^ D^iMiiC; A)) 
yields a quasi-equivalence of the corresponding pretriangulated completions, it suffices 
to prove that Li and L2 are quasi-isomorphic. Consider a third DG module over TZ 

(4.17) V®M ^ Uom^.^^,,Hs-)iRT''(V),T^'''^^{M)), 

where we write, by abuse of notation, t"°'^^''{M) both for an object of ^'^^(AfiJS''^'™) 
and for its image in the derived DG category D\g{M H S^) of Deligne's mixed Hodge 
structures. According to ( |Vol| . Theorem 3) we have an isomorphism of DG functors 

^Hodge ^ ^ ^ r^Hodge . ^ (C; A) ) ^ D^^giMHS^). 

Using this isomorphism we get a morphism of DG modules 

w : Li — !■ L3 

Li{V M) ^ Hom^.(Mffs-^)(i?^°''^'(F), R"^""'" o t{M)) ^ L^iV ® M). 
We also have a morphism 

u : L2 ^ L3 

induced by the functor D''{MHS'^-'"^) D''{MHS^). Next, we apply the canonical 
truncation (|4.14p to the DG modules Li over the negative category TZ. Consider 
morphisms 

(4.18) T<ov : T<oLi t<qLz 
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T<oU : T<oL2 T<oL3 

of truncated DG modules induced by v and u. We claim that r<o'u as well as 
the canonical morphisms r<oi2 — -^2 and t<qLi Li are quasi-isomorphisms. 
The first two assertions follow from the fact that, for V & V and M G Q, both 

r^Hodge^j^^^ j^Hodge^y^ ^ Jjb j^]^ jj gA,cn^ ^^.g isomorphic tO objcCtS of thc form (BiMi[i\, 

where Mi is a pure Hodge structure of weight —i, and Lemma [23] The last assertion 
is trivial. Finally, we have to check that r<ow is an isomorphism. This is obvious when 
V is the motive of a point. Thus, it suffices to prove the statement for the reduced 
motives of smooth projective varieties AI(X) = cone(M(X) M {specC))[—l]. If 
M is a 1-motive of weight both sides of (|4.18p . For M = [0 ^ where Y is an 

abelian variety, the assertion amounts the classical statement that the sequence 

^ Mor(spec, C, r) ® A ^ Mor(X,y) ® A ^ Romj^jHsA{Hi{X,Z), Hi{Y,Z)) 

is exact. Finally, for M = [0 ^ G„j][2] the assertion is proven in formula (I3.10p from 
[SH □ 

Remark 4.9. Let us explain how the assertion of Theorem[2]is related to the "clas- 
sical" Deligne conjecture on 1-motives, proven in BRS and in . This conjecture 
asserts that, for every variety X over fc C C and an integer m > 0, there exists 1- 
motive LmAlbz{X) whose Hodge realization is isomorphic to the maximal quotient of 
the mixed Hodge structure iJm(Xc,Z) which belongs to MHSf. Consider the com- 
plex LAlbz{M{X)) e D''^g{Mi{k;Z)). Although the category >[i(fc;Z) is not abelian, 
every morphism in this category has both a kernel and a cokernel. In particular, for 
every complex of 1-motives M' one can define its cohomology H*{M') G AIHSf by 
the usual formulct"!. Using Theorem [21 it follows that the 1-motive 

LmAlbziX) := iJ-™(LA?6z(Af(X))) 

satisfies the required property. 
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